Abstract: We present a framework of underlying SU (3) × SU (3) family symmetries consistent with Pati-Salam unification and discuss advantages that can justify introducing multiple non-Abelian factors. Advantages include improved vacuum alignment and increased predictivity. We explore in this framework deviations from tri-bi-maximal neutrinos, such as relatively large θ 13 .
Violation approach to a PS GUT would therefore consider that FS at the spurion level, which is another motivation to consider specific realisations at the familon level. Due to the Left-Right (LR) structure of PS, one can even imagine that the SU (2) L and SU (2) R factors of the GUT could originate together with the SU (3) LF × SU (3) RF of the FS from a sufficiently higher rank GUT which breaks first into SU (5) L × SU (5) R factors -although that is quite beyond the scope of this work and so we do not concern ourselves with the possible origins of the FS further.
2 Pati-Salam with SU (3) × SU (3)
Vacuum alignment
The results in sections 2.2 and 2.3 entirely depend on a particular vacuum expectation value (VEV) structure to be obtained for the familons (PS gauge group singlets). Their VEVs must align along specific directions and we require mild hierarchies between some of their magnitudes. The different VEV magnitude hierarchies can be obtained by radiative corrections driving the masses of the familons negative at slightly different scales.
We now argue that the specific directions required can be obtained from the family symmetries employed: although the framework is based on underlying SU (3) LF ×SU (3) RF FSs, the vacuum alignment will proceed with discrete non-Abelian subgroups and arises quite naturally through soft SUSY breaking terms not allowed by SU (3) as originally suggested in [12] . We start by discussing the required VEVs and breaking pattern still referring to SU (3) LF × SU (3) RF . These desired directions are particularly relevant for the mixing of the lepton sector, but as we are in a unified framework all fermions structures are derived from them. The first stage of breaking occurs simultaneously, as in order to more naturally have the third generation strongly hierarchical we consider one LR familon charged under both groups: φ 33 . This enables a fermion mass term at lower order (this desirable feature was addressed recently in the context of GUT models by the use of larger representations of a single non-Abelian FS [13, 14] , c.f. [12] ). When the mass term of φ 33 becomes negative it breaks the FSs by acquiring a VEV. If the FSs were continuous then it would merely be a basis choice to designate this direction as the (0, 0, 1) direction under both groups, but as the alignment comes about through a discrete group this direction arises from terms that depend not just on the magnitude of the VEV but also on its particular direction. As discussed further, it is possible to obtain (0, 0, 1) up to permutation of the non-zero value, therefore that it would be the third under both groups is merely a relabeling of the third direction without loss of generality. At this initial stage of breaking, the pseudo-familon (not strictly a familon as it is a PS non-singlet) θ that is charged under the SU (3) RF must also acquire its VEV in the same direction. The differences between the L and R sectors appear at the next stages of breaking: the dominant L familon φ 123 acquires the largest L VEV in the (1, 1, 1) direction of SU (3) LF , whereas the next stage of SU (3) RF breaking is attributed to φ 2 that goes in the (0, 1, 0) direction (orthogonal to the existing θ VEV). The last L familon φ 23 acquires a (0, 1, −1) VEV i.e. orthogonal to the previous direction and analogously this happens for the last R familon φ 1 that develops along (1, 0, 0).
In order to actually align along these directions, we rely on a suitable discrete subgroup of each SU (3) in analogy with [12] (see also [15] ). ∆(27) (used in the original suggestion) is a small subgroup of SU (3) with distinct triplet and anti-triplet representations (although as pointed out in [16] , the semi-direct product of cyclic groups C 7 C 3 is a smaller subgroup of SU (3) and still includes the necessary ingredients). Regardless of the specific subgroup chosen for each SU (3), the discrete alignment mechanism works without upsetting the SU (3) invariance of the Yukawa and Majorana terms: the messengers involved in each sector have different quantum numbers and therefore it is possible to enable the relevant SU (3)-breaking invariants in the soft SUSY breaking potential terms that align the VEVs. The SU (3) non-invariant terms appear in the potential arising from components of D-terms such as χχ(φφ † φφ † ) (where χ communicates SUSY breaking). The messengers involved that allow this type of term may have masses close to the Planck mass so the resulting terms are expected to be rather small e.g. suppressed by the gravitino mass over the Planck mass. But even though these SU (3)-breaking discrete invariants are tiny they are non-vanishing, their presence distinguishes directions and is enough to align VEVs (note that the SU (3) continuous invariants are unable to discriminate absolute direction of VEVs, they can at most do relative alignments). For a single familon φ, the potential would include quartic
(there is an implicit sum over the repeated generation index i). Depending on the sign of the coefficient in front this term naturally results either in the (0, 0, 1) direction (negative sign) or in the (1, 1, 1) direction (positive sign). As we employ multiple familons, we discuss the interplay between the possible quartics of this type.
At this level the double non-Abelian framework has technical advantages. In the original mechanism [12] there was some tension with obtaining the (0, 0, 1) together with the (1, 1, 1) direction -they are natural for a single field and by extension most natural for a single dominant VEV. We want hierarchical third generations, so with implicit simultaneous sum over i and j:
In this expression i is an SU (3) LF generation index and j an SU (3) RF generation index, with M generically denoting the messenger mass involved in the term. By having two discrete subgroups it is natural to have the dominant LR φ 33 VEV separate and unable to interfere with the alignment term of φ 123 so in the alignment sense we have another dominant VEV:
That the double groups separate the familon alignment naturally can be seen explicitly by considering distinct types of messengers for each type of familon. Familons carrying just one index (e.g. φ i 123 ) contract with messengers charged only under that family subgroup (e.g. A i ,Ā i ) in tri-linear discrete invariants with a sum over the repeated index (e.g. A i φ i 123 A i ), whereas φ 33 has a similar tri-linear discrete invariant that repeats both indices with messengers charged under both FSs (e.g. α ij φ ij 33 α ij ). Each messenger pair has its own mass term (e.g. A iĀ i ) which gives meaning to the generic M suppressions shown so far. With this messenger structure the repeated indices are carried through the four insertions of the familon. In order for each type of familon to be secluded from the other types it is important that e.g. φ †
is not generated, so messengers such asB j in the tri-linear coupling φ ij 33Ā iBj must be very massive or absent from the complete theory in order to preserve the alignment. For the same type of reason, φ 123 does not interfere with φ 2 alignment:
φ 23 and φ 1 can be aligned by one of the possible mixed terms that with a positive sign imposes orthogonality with respect to the dominant VEVs of their type (note the SU (3) invariant contractions of the indices):
Due to the expected hierarchy in VEV magnitudes these should naturally be sub-leading to the previous terms but leading over quartics involving just φ 23 , which would prefer to align its VEV along a different direction. One issue still needs to be addressed as V 23 leads to a complex orthogonality between the fields, when we require that these two VEVs produce orthogonal eigenvectors. The terms discussed so far do not favour specific phase directions but we can address this issue with the term:
This is a higher order term with two additional insertions that involves the ∆(27) invariant summing over three (anti-)triplet indices (without the Levi-Civita tensor). V p discriminates between VEV phases. Some of the minima within the set of degenerate minima that this term creates have no relative phase between the second and third component. In this sense this term can make the φ 123 VEV effectively real and together with V 23 we obtain the desired kind of orthogonality with φ 23 . A noteworthy advantage of having more than one non-Abelian factor is that it naturally enables the (1, 1, 1) VEV to be the most dominant of its type for alignment purposes while not needing to be the most dominant in the mass structures (in [12] an additional dominant (1, 1, 1) VEV was required as well as the smaller (1, 1, 1) VEV that participated in the mass structures). Considering in particular how the SUSY flavour problem can be addressed by FSs there is the concern that larger (1, 1, 1) VEVs can cause issues through Kähler corrections [1, 2] , and so it is quite relevant that this issue can be mitigated in this framework with multiple non-Abelian factors.
Exact tri-bi-maximal neutrinos
In relation to [11, 12] we have abandoned the extremely constraining requirement of straightforward SO(10) unification which would require the L and R sectors to transform in the same way under the FS. The models presented here are more directly comparable to [17] in terms of VEVs used and respective mass structures. We start by considering models which aim to get exact tri-bi-maximal (TB) neutrino eigenstates. Leptonic mixing then gets perturbed from TB due to charged lepton corrections that are related to the quark sector due to the GUT relations (as in the GUT FS models discussed above). We can therefore already state that the leptonic mixing angles predicted in this class of models are rather close to the TB values, and namely that with θ C the Cabibbo angle (from the quark sector):
For the purpose of achieving exact neutrino TB with fermion structures similar to those in [17] , in our current framework it is sufficient to use a single Abelian factor U (1) F (c.f. [17] ). As all familons discussed so far are anti-triplets, it is not possible to form combinations carrying only non-trivial U (1) F charge and for that reason we introduce one extra familon σ. In terms of notation, Ψ i are the L fermions and Ψ c j the conjugates of the R fermions. H are the SM or MSSM-like Higgs fields (as this is a SUSY construction we require two doublets) and Σ is a Georgi-Jarlskog field -a scalar in a larger representation of the GUT that develops a VEV in a R hypercharge direction, notably one that vanishes in the R neutrino direction (see e.g. [15] for more details). Unlike in section 2.1, for the discussion of terms that give rise to the mass structures in sections 2.2 and 2.3 we consistently use i as an SU (3) LF generation index and j and k as SU (3) RF generation indices.
With the symmetries of Table 1 we obtain the following Yukawa superpotential:
The RH Majorana masses arise through θ:
(θφ 2 φ 1 ) is the SU (3) RF invariant involving the antisymmetric Levi-Civita contraction. The relevant structure for TB is inside the square brackets of the last line and M generically denotes the messenger masses which are not the same in each sector (and in particular unrelated with the ones mentioned in the discussion of the alignment). These fermion superpotentials are phenomenologically viable provided the VEVs have a moderate hierarchy:
In these symbolic relations we refer to the magnitudes of the non-zero entries of the VEVs. 0.15 is the expansion parameter when the messenger masses considered are the ones that generate the down and charged lepton masses -when taking ratios of two VEVs the messenger mass would cancel if included in both and so is useful for comparing the VEV magnitudes (see [11, 15, 17] for more details). These hierarchies between the VEVs are not very strict as there are several O(1) parameters involved -what is important is that charged fermion textures similar to those in [17] are produced with the term φ 23 φ 2 Σ/M 3 appearing at about 2 , the φ 23 φ 1 /M 2 and φ 123 φ 2 σ/M 3 at about 3 . Denoting as accidental terms any allowed terms that are not necessary to achieve the desired fermion textures, there is (only) one accidental Yukawa term φ 123 φ 1 Σσσ/M 5 and it is sufficiently suppressed (in this case at about 5 ). Eq.(2.12) is consistent with the discussion of section 2.1 as φ 123 is the dominant of the L familons (note the alignment terms enter with the square of the fields involved so the hierarchies are exacerbated).
With respect to the neutrinos, Sequential Dominance (SD) takes place through type I seesaw as in [17] to produce TB neutrino mixing (the already discussed deviations from TB on leptonic mixing then result from the Cabibbo angle and lead to eq.(2.7)). Due to SD the dominant Yukawa term with φ 33 gets effectively erased after seesaw due to the huge hierarchy of θΨ c θΨ c relative to the other Majorana terms. This also means the light neutrinos necessarily have a normal hierarchy with the lightest mass state being approximately massless. We can then check that the atmospheric and solar eigenstates constrain the model:
This relation is only valid up to the O(1) parameters of the two Yukawa and two Majorana terms involved but it is possible to see this as a consistency test of the model: the hierarchy between the squared mass differences must be reproduced and in this construction the relative magnitude of φ 123 with φ 23 and the VEV of σ can combine to do so consistently with eq.(2.12). In the case that the dominant neutrino messengers correspond to the R sector, their generic Yukawa messenger mass is the same as the generic Majorana messenger mass (M ν ∼ M N ) and this relation would constrain the magnitude of σ /M N . One can change the U (1) F factor to a sufficiently large C N group such that no dangerous accidental terms are allowed. C 6 is already safe producing only the exact same terms allowed by U (1) F (and inevitably all those terms repeated with multiples of σ 3 ) -i.e. the leading terms are the same. The C 5 case is interesting and will be discussed in the following section.
The power of the underlying SU (3) × SU (3) framework manifests itself on the Yukawa sector by allowing only L (R) familons to contract with Ψ (Ψ c ) and is apparent when comparing to the symmetries and accidental terms of [11, 12, 17] -although of course one should note that [11, 12] straightforwardly embed into SO(10) GUTs and that even though they have more complicated Abelian factors they have only a single non-Abelian factor.
Deviations from tri-bi-maximal neutrinos
Recent observations point to θ 13 being relatively large. This creates tension with the vanishing value predicted by exact TB and by extension also with the non-zero but relatively small angle predicted in the class of FS GUT models which include the U (1) F (or C 6 ) model discussed in section 2.2. Nonetheless it should be clear that non-Abelian symmetries remain extremely appealing and in particular discrete symmetries may naturally produce interesting mixing patterns in accordance with the θ 13 values indicated in [8] [9] [10] , see e.g. [18] 1 . In [20] TB was abandoned but tri-maximal mixing was kept. We consider that TB can remain as an excellent approximation to the neutrino data and interpreted as a strong hint of an underlying FS arranging for TB at some level -particularly in such GUT frameworks where the charged lepton corrections already provide a source of TB deviations, one can imagine an appealing situation where one starts with approximate TB neutrinos and can then add the small Cabibbo angle corrections that arise through the charged leptons due to the GUT relations between the fermions. The framework presented here (with the power of the non-Abelian groups) is ideal to demonstrate this. There are essentially three distinct sources for introducing a perturbation to the neutrino mixing in this class of models -in the VEV structure itself, in the Majorana structure, or in the Yukawa structure (of course one could have more than one of these effects operating). Altering the VEV structure would be done in a way similar to [21] . Deviations in the Majorana structure are expected to be invisible to experimental tests so in theory a model featuring them as the source of deviation of exact neutrino TB could always be invoked to provide a larger value of θ 13 . In contrast perturbations in the Yukawa structure also appear in the charged fermion textures due to the GUT relations, and therefore this possibility is more appealing as it can in theory maintain some GUT link between the charged fermions and the deviations from TB that produce the larger θ 13 angle. We attempt then to obtain deviations arising in the Yukawa structure only.
One such example arises from reconsidering the U (1) F or C 6 model of the previous section, but replacing now the U (1) F by C 5 (instead of by C 6 ). The field content, PS and SU (3) LF × SU (3) RF assignments of section 2.2 are unchanged. For explicitness, the C 5 charges are listed in Table 2 .
By construction the Yukawa and Majorana terms listed in the previous section are
1 Recently [19] also tackled deviations from TB without using non-Abelian family symmetries. Field Table 3 . Abelian charges of models 1Y, 1M, 2 and 3.
preserved, but one must add to the Yukawa the following new accidental terms:
The only significant term is the first one, which enters at about 4 in the second column of the Yukawa matrix and perturbs what previously became the neutrino eigenstate proportional to the (1, 1, 1) direction -which itself enters at about 3 . This is a clear example of a correction to exact TB neutrinos arising from only one significant source in the neutrino Yukawa sector.
As we would like to generate a θ 13 angle around the central values from [8] [9] [10] we consider that an ( , 1, −1) eigenstate produces just that order of magnitude for the angle -with the same numerical value as used for some of the fermion hierarchies and ratios of VEVs 2 . We searched for concrete examples where we generate such an entry through Ψ i Ψ c j Hφ i 123 φ j 1 /M 2 with an appropriate suppression due to σ/M -ideally with the following three conditions, similarly to the previous C 5 example: 1. no other terms produce significant deviations from TB; 2. with appropriate VEV hierarchies such that the fit works with natural O(1) coefficients; 3. without adding extra fields. We were unable to verify all those conditions due to correlations between the Abelian charges of the familons. As some examples that relax one of conditions, we list the Abelian charges of models 1Y, 1M, 2 and 3 in Table 3 . The field content, PS and SU (3) LF × SU (3) RF assignments of section 2.2 are the same except for model 3 which has added σ (which is only charged non-trivially under U (1) 3 , like σ).
We have found two types of models violating condition 1. Model 1Y is similar to the C 5 case discussed already as it adds Ψ i Ψ c j Hφ i 23 φ j 2 σσ/M 4 , but the term Ψ i Ψ c j Hφ i 123 φ j 1 σσσ/M 5 appears (one order lower than in the C 5 model). The would-be texture zero in the neutrino Yukawa structure could be populated, but obviously not as the only significant TB deviation. Model 1M in contrast has no possible Ψ i Ψ c j Hφ i 23 φ j 2 /M 2 term and can populate the texture zero but has the structure Ψ c j Ψ c k φ
in the Majorana sector (note that only SU (3) RF is at work so we do not benefit from the SU (3) × SU (3) framework). The off-diagonal φ 1 φ 2 terms are not suppressed relative to the φ 1 φ 1 term and will introduce significant effects that spoil TB mixing.
We can simply take model 1Y and 1M and trade their extra terms that significantly deviate from TB for unnaturally suppressing those extra terms with coefficients that are arbitrarily small (instead of naturally O(1)), thus violating condition 2. Another example that is interesting due to its significantly different fermion structures is model 2: the Majorana sector Ψ c j Ψ c k φ
terms suppressed by σ/M that can be made negligible compared to the diagonal terms through the messenger mass of the sector, unlike in model 1M. There are two noteworthy Yukawa terms
2 σ/M 3 -at this stage there would already be some finetuning if we want to keep the first one and neglect the second one, although not as extreme in the tuned version of model 1Y. Model 2 becomes less appealing when we consider its equivalent to eq.(2.14) -interestingly as every relevant term enters at the same order it directly constrains the hierarchy of the L familon VEVs, regardless of messenger masses:
Clearly unlike the model in section 2.2 this time the consistency check is not naturally verified as the magnitudes of the VEVs go in the opposite direction to the one we argued is desirable in section 2.1. So at least in this context the model firmly belongs in the class of unnatural fine-tuning and strongly violates condition 2. Finally, it is relatively easy to build a model that works -if we are willing to violate condition 3. Simply introduce another field σ and adjust the Abelian charge and magnitude of σ /M -the only concern is that it does not enable any other unwanted terms. Model 3 starts with the structure shown in section 2.2 and directly enables Ψ i Ψ c j Hφ i 123 φ j 1 σ /M 3 (it also enables Ψ i Ψ c j Hφ i 123 φ j 2 Σσ /M 4 , but that term won't affect the existing structure). In this particular construction we also get a term in the Majorana sector that constrains the respective messenger mass against the hierarchy of the VEVs, σ 2 /M 2 N > σ /M N . The problem with this approach is that it is not elegant: a field was added just for this purpose -the magnitude of its VEV is a new parameter that directly controls the deviation from TB and ultimately the value of θ 13 (note however that we predict the correct order of magnitude as we require the fit to work for the charged fermions, so we can not perturb the previous structures too much).
Before concluding, we note that it may be possible to get these models to work as intended through specific UV completions (model 3 already works due to σ ). Problematic terms that at the non-renormalisable level could not be suppressed or disallowed by the symmetries may be fixed at the renormalisable level by the field content (the specific messenger structures). Explicit UV completions are well beyond of the scope of the present work, but [22] clearly demonstrates this strategy that can greatly increase predictivity, preserving all the necessary terms but with many terms that would otherwise be allowed being absent solely due to the lack of the necessary messengers.
Conclusion
We have proposed and motivated the use of multiple non-Abelian family symmetries for building models. We explored a Grand Unified Pati-Salam framework with SU (3) × SU (3) family symmetries. By the use of specific alignment and model examples we illustrated several advantages of this framework: the natural separation of sectors led to an improved alignment mechanism, mitigation of possible SUSY flavour issues, and to a lower order Yukawa term for the third generation of fermions; the increased control over the allowed terms led to a decrease in the Abelian factors in the total family symmetry and to increased predictivity through the absence of accidental terms in general, and in particular proved ideal to explore possible deviations from exact tri-bi-maximal neutrinos.
